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Abstract. This paper discusses the distribution of the zeros generated by length-and-degree- 
bounded polynomials with integer coefficients, where the length of a polynomial is the square 
root of the quadratic sum of the coefficients. The distribution of the zeros is not uniform and 
has many interior holes. For each rational number, we present a lower bound of the size of 
the empty hole that contains no zeros of the distribution except for the rational number. The 
lower bound for 0 is well-known and is easily derived from Mignotte’s inequality [3]. The lower 
bound might be a step for the refinement of Hong’s algorithm [I] and similar algorithms. 
This paper deals with zeros of length-and-degree-bounded polynomials with integer coeffi- 
cients. The length of a polynomial is the square root of the quadratic sum of the polynomial 
coefficients. 
This paper uses the symbols Z, R, and 43 to represent the set of integers, that of real 
numbers, and that of complex numbers respectively. The length of polynomial ,f(~) = 
CyZ’=,_fizi is 11_f(z)11 = (Cy=‘=, l_fi12)‘. Z(M,n) denotes th e set of the zeros of the polynomials 
with integer coefficients whose lengths are at most M and whose degrees are at most n. 
Zi”(M, n) denotes the set of the zeros of the irreducible polynomials with integer coefficients 
whose lengths are at most M and whose degrees are at most n. Since the coefficients are 
integral, if A4 < 1, Z(M, n) = ZiP’(M, n) = 0. S o we assume A4 2 1. It is clear that Z(M, n) 
and ZiPP(M, n) are symmetrical to the real axis, the imaginary axis, and the unit circle in 
the complex plane 43. 
For a given algebraic number CY, we want to find a region that contains cy but does not 
contain any other elements in ZiPP(M,n). For this purpose let us first consider the next 
lemma. 
LEMMA 1. Let cr be an algebraic number, g(z) be the minimal polynomial of o, and m be 
the degree of g(z) and oi, . . . , am-l be conjugates of cr. Let 
H,(M,n)={rECI min f(l)ER[r],degf=n,lRes(f,g)l=l,f(s)=O llf(~>ll > A4 17 (1) 
where Res(f, g) is the resultant off and g. Then 
z*TT(M, 7l) \ {cr, al,. . . , %n-1) c c \ Ha(M, n). (2) 
PROOF: Suppose /? E Z’“(M, n) \ {a, al,. . . ,a,,+~}. By the definition, there is an irre- 
ducible polynomial with integer coefficients f(x) such that f(p) = 0, ~~f(z)~~ 5 M, and 
deg f 5 n. Since f(x) is irreducible, Res( f, g) is a non-zero integer. So, /3 is contained in the 
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set: L(M, n> = { .Z E 63 I S(x) E f+l, llf(x>ll 5 M, deg f I n, I R4f,g)l 2 1, f(z) = 0 1. 
We can write L,(M,n) by 
-L(M, n) = { 2 E C I W+) E W4, IIf I M, deg f = 71, I Wf,g)l = 1, f(z) = 0 1, (3) 
because of the following reason. By the definition, V~_E LL1(M,n), S(z) s.t. llh(z)l!< M, 
degh < n, I Res(h,g)l 2 1, h(y) = 0. If degh < n, h = h(z)z”-dezh satisfies deg h = n, 
I R-(&s)1 = I Res(h,g)l IgoInmdegh 2 1, ll~(~)ll I M, w h ere go is the constant term of g. 
And if I Res(k,g)l > 1, i(z) = ai (a = Res(i,g)-h < 1) satisfies degk = n, Res(~,g) = 
1, \$(z)ll < M. From (3), we get L, = C \ H,(M, n) > ZiPr(M, n) \ {(Y,cx~, . . . , a,_l}. fl 
Thus, Hcr(m, n) is a region that contains no element of Zi”(M, n) except for (11 and its 
conjugates. Hence, H,(M,n) represents a “hole” around CY. 
Next, let us concentrate our attention on the case where a is rational. 
LEMMA 2. Let p,q E Z, p,q > 0, (p, q) = I, (p,q) # (I, I) and f(z) E R[cl, then ll(px - 
dfb4ll > llf(4ll~ 
PROOF: We skip the proof. I 
LEMMA 3. Let (Y be a rational number other than 1, and g(+) be the minimal polynomial 
of cy. Then 
Z(M, n) \ {a1 C C \ H,(M, n). (4) 
PROOF: Let pz - q be the minimal polynomial of CY. Suppose p E Z(M,n) \ Zi”(M,n), 
and /3 # cr, then there exists a reducible polynomial g(z) with integer coefficients such that 
g(p) = 0, Ilg(z)ll 5 M, and degg 5 n. If pz - q + g(z) then /? E La(m, n) and the lemma 
is proved. If pa: - q I g(t), then there exists i(x) = & such that I # 0, i(p) = 0, 
where Ic is a positive integer. By Lemma 2, 1l~(x)ll 5 M. So /I E L,(M,n) and the lemma 
is proved. 1 
By Lemma 3, we can see that H,(M, n) is a hole around rational number cx in the 
distribution of elements of Z(M, n). Note the difference between (2) and (4); (2) expresses 
the property of Zif’(M, n) while (4) expresses that of Z(M, n). 
The following lemma is useful for calculating the minimum of the lengths of polynomials 
subject to linear restrictions. 
LEMMA 4. The minimum of lz12, (z E R”), subject to six = bi (i = 1,. . . ,112, ai E IT, 
bi E R) is bt((ai,aj))-lb, h w ere ai, aj) indicates the inner product of ui and aj, and b = ( 
(bl . ..b.,J. 
PROOF: Deduced by the Lagrange’s multiplier method. 1 
Now, we are ready to evaluate a lower bound of the size of the hole around 0 as follows. 
THEOREMS. Ho(M,n)>(zEe:\wlI%lr~}U{%EraII%II~}. 
PROOF: First, we prove that Ho(M, n) fl W > {z E R 1 1.~1 5 & }. By the definition, 
Ho(M,n) rlR = (2 E RI minf(x)EP[r],degf=n,/Res(f(z),r)l=l,f(I)=O llf(~>l12 > M2 1. Let 
f(x) = cyzo fix”. The linear restrictions of the minimum are fs = 1 and X:=0 fiz’ = 0. 
-1 
By Lemma 3, the minimum of llf(x)l12 is ( 1 0) 
( 
i =:=‘, ,2i) 
i c;_O 22’ 
(1 0)” = qc”l’& 
t-0 
which is greater than 5. Then we have proved that Ho(M, n)nR > { z E R 1 IzI 5 $ }. Sec- 
ond, we prove Ho(M, n) \ R > { .z E C \ W I ItI 5 -& }. By the definition, Ho(M, n) \ W = 
{ z E Q: \ RI mi”f(t)Ell[z],degf=n,l Res(f(~),~)l=l,f(z)=O llf(x)l12 > iv2 1. The linear est+ 
tions of the minimum are fc = 1, ~~~O(!J?~‘)f~ = 0 and Cy=s(Sz’)fi By Lemma 
3, the minimum of jjf(x)jj2 is (1 0 0) (x29x1) (x2,x2) (x2rx3) 
( 
(x19x1) (x1,x2) (x1,x3) 
1 
==iO. 
(1 0 0)’ = 
(x3, x1> (x3, x2) (x31 x3) 
Gram(x2, x3)/ Gram(x1, x2, x3), where x1 = ( 1 0 *.. 0)‘, x2 = (9?z’)f=~,...,,, x3 = 
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~o~!~~~,alIsGram(~~, . . . , zi) is the Gramian of 21, . . . , zi. These two Gramians are 
Gram(x2, x3) = ~(Rz’)~ - &sz’)~ - (&?J?,~)(cT~))~ 
i=O i=O i=O 
1 1 0 
Gram(zi,zz,zs) = det 1 (22,X2) (x2,23) = ((z2,Z2)-1)(13,23) - (t2,2~i)~ 
0 (23,x2) (x3,23) 
1 (C”_ ,*+ CT_ *=(a . 
Therefore, the minimum is 1214 (cd:; ,ZS,oZ_lX;: Za,,s, which is greater than &. Finally, 
we have proved the second assertion: and the whole proof completes. 1 
Theorem 5 can be derived also by the Mignotte’s inequality [3]. Next we reflect the hole 
size around a general rational number. Let CY be a rational number. In general, the boundary 
of H,(M, n) is represented by a complicated algebraic curve. For fixed a and sufficiently 
large n and M, H,(M, n) is nearly a disc except for the real axis. 
THEOREM 6. Let a be a rational number. As A4 and n become large, H,(M, n) tends to 
the region {z E C \ W 1 Iz - crl < RI } U { t E R 1 1% - cx] < Rz }, where 





.,m (n+3)(n+Z)(ntl)n(n-1) ’ (a = 1) 
{ 
I&$),.M d-j (o # I) 
R2= &4X’ (a=l) 
(6) 
and Den(a) denotes the denominator of a, 
@1(cr,n) = cr2n+2 - 1, 
@2(&Y n) = (a 2n+2 - 1)2 - P(72 + 1)2(cY2 - 1)2, 
@3(a,n) = (2a2”+4 - (?I + l)(n + 2)cX4 + 2n(n + 2)c? - n(n + 1))2 
- (n(n + l)az”+4 - 272(n + 2)cP+2 + (n + 2)(n + l)a2” - 2)2 
PROOF: Firstly, we prove the assertion that H,(Ad, n) n W is close to the region {Z E W / 
Iz - ayI < Rz }. By the definition, 
H,(M,72)nR={zEWI min 
f(+)EP[s],degf=n,j(u)(Den(a))n=l,f(z)=O 
llf(~)ll” > M2 1. (7) 
By Lemma 3, the minimym is Li = ( (Den(cr))-n 0) (AiAl)-’ ( (Den(cu))-n 
;I 
0)“; where 
. Let B1 = Al (A ;‘> = (; z:a 1:: zn”“an) .Then 
detA1 = det Bl = Gram(zl, 22) and -b = &wGram +I,ra~~ ’ + where xi = 
66 0. YAMAMOTO 
(4dJ,...,?a~ 12 = (O,l,% + cx,. . . ,rl + GF2cY + . . . + an-l), 23 = (z’);=, _,, *. sup- 
pose M and n are sufficiently large. Then z is close to (Y, and 12 and 1s are’ close to 
(0,1,2cr,. . . ) na “-‘)l and 21, respectively. So Lr is close to 
if a # 1, and &JZ.,++&+~) 
*.&+&z&$$ 
if Q = 1. Then the first assertion has been proved. Secondly, 
we prove the remaining assertion that H,(M, n) \ R is close to {z E 43 \ R 1 Iz - al < RI }. 
By the definition, 
H,(M,n)\W={zEC\~I min 
f(l)ER[~l,degf=n,f(a)(Den(cr))“=l,f(t)=O 
11~(~)112 > M2 1. (3) 






1 -(%z--a) Qz 
x= 0 !I?%-cx -sz , 
0 3.z !Jl%-a ) 
1 
AX=B2 0 ,,‘a,2 
0 0 
; a2 . . . 
B2 = : %(z+ a) . +. iR(C;_$iki) 
t 
. 
0 0 S(z+a) ... 3(~;_&‘cP-‘-y 
10 0 
Suppose M and n are sufficiently large, then z is close to Q and Bs is close to C 0 1 0 
0 0 8t 
where 
1 (Y ff2 **a CYn 
c= 0 1 2a .*. n-1 
0 0 1 1.. n(n -Yly/2 . g-2 
Then det AtA is close to (3~)~ e 1.z - aI4 a det(CtC). Let F = t y ii *‘* an 
. . . 
) 
n&l-l ? 
then Ls is close to h . , det F’F z_a ,detC,C, which is equal to h . w if , 
(Y # 1, and is equal to l&r . l 720 
been proved. 1 
n+3)(n+2)(n+l)n(n-l r if cr = 1. So the latter assertion has 
In the proof of Theorem 5, @I, @s and as are actually calculated by REDUCE 3.3. By 
similar methods, we can estimate the lower bound of the size of the holes around i (= &i) 
and w (= v). 
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